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REMARKS ON MR. MEECH'S ARTICLE ON ELLIPTIC 

FUNCTIONS. 




BY CHAS. H. KTJMMELL, U. S. LAKE SURVEY, DETROIT, MICHIGAN. 

1. In Section II, the spherical triangle is used to prove the theorem of 
addition of the first species, but in this proof cos C is taken negative. (In 
this Mr. Meech agrees with all authors I have seen, for instance see Schell- 
bach, page 106.) This has always puzzled me and I finally discovered the 
following to me more natural demonstration of this important theorem. 

Let there be a spherical triangle whose sides are a, 
b, c and opposite angles <p, <p, tt — ft respectively, or let I 
ft be the exterior angle for which we should have if the 
triangle was plane 

ft = <p+<p, (1) I 

or sin ft = sin <p cos^+cos ^> sin^. (2) 

It is required to find analogous relations for the spherical triangle. From 
ft let fall a perpendicular on c, then we have, if the segment adjacent to b 
is denoted by d, 

tan d = tan b cos <p , 

tan(c — d) = tan a cos (p; 

hence 

. , tan b cos w , i 

sin a = , — T ; cos d = — ; • 

t/(1 +tan 2 6 cosV) i/(l +tan 2 6 cos^) ' 

. / j\ tanacos^ , ,. l 
sinfc — a) = — r ■ cos(c — d) = — ; _ . 

v"(l4-tan 2 acosV) ' i/(l+tan 2 acosV)' 

consequently 

s i nc _ tanicos^+tanacos^ 

!/[(l +tan 2 6 cos s ^)(l +tan 2 acosV)]' ' 

Place 

sine _ sin b sin a 

sin ft sin <p sin ip ~~ ' ^ ' 

also cos c = j/(l — e 2 sin 2 ju) = Aft; cos b == dip • cos a = d<p ; (5) 

substituting into (3) and reducing we obtain 

sin u = sm g c os g" #+sin g cos <p A<p 

1 — e 2 sin 2 ^ sinV " ^ ' 

This is analogous to (2). The following are deduced from this; 

cos u = cos ? cos ^~ sin °g sin t A( P At P • (Q) 

1 — e 2 sinVsinY ' ^ ' 



-18- 

. dtp dtp — s 2 sin tp sin tp cos tp cos tp ,«> 

1 — e 2 sin 2 ^) sin 2 ^ 
We have 

-"* = ^ + ^* < 8 > 

But we obtain after reduction 

d.sinu cos<pcosc£ — sin tp sin tp dtp dtp I . A , 2 • • i ^ i\ 

-~^T = M WsinVsinV) 2 ^ (^^-^nysm^cosycos^) 

Hence in (8) 



cos fidfi, , d!.sin;u cos ft dfi 

dtp ' dtp ~3tp ' 



d/t __ dtp dtp , q . 

J ft ~ dtp^df K ' 

i^(e) =/(*)+/(*); (11) 

<(«)=*J«). (10) 

If e = (1') becomes the same as (1). 

2. In Section III, the method of evaluating elliptics of the first species 
by means of ascending moduli and corresponding amplitudes is explained 
as Legendre and most authors have done it. I think however the fol- 
lowing method invented by myself will be found more convenient in prac- 
tice. 

Suppose we have to evaluate 

C* d <p -ij?(°\ no) 

J 0i/(a 2 — c'sitaV) aTo\a)' K > 

Place a' = %(a+c); c' = -\Z(ac), and sin(2f' — f) = (c-Hra)sinf. (11) 
We have then 

VH = P df = ft' dtp _ l F *'(c'\ , m 

a oW J oi/(a 2 — c%inV) J -i/(a' 2 —c' 2 sin 2 tp) a' 0\a)' K ' 

Againleta" = i(a'+c');c"= V(a'c'),a,ndsm(2tp"-f') = (c'+a')smtp',(ll') 

then we have, proceeding in this manner 

a 0\a) J l /{a 2 —e l sm 2 tp) J i/(a' ! — c' 2 sinfy) — a' W/ 

p" df J_p^7£^\ 

J l/(a" 2 —c" 2 sin 2 tp) a"0\a") 

= p (n) dtp _ 1 j/w/c^ \ 

^ i/(« (B)2 -c (n)2 siiiV) _ a (n) U (n 7 
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and if a (n) = c w within the accuracy of the computation, 

1 <A(») 

The quantity c (n) is the limit reached by taking successively arithmetic 
and geometric means, or it may be called 

the arithmetic-geometric mean of a and c, 
and in Analyst, Vol. IV, No. 5, p. 157, I have ventured on the symbol 

(4- \-\\ 
a c I 2 . 

In Vol. IV, No. 4, page 121, 1 have exhibited the very convenient compu- 
tation of such a quantity. The scale ef amplitudes being computed simul- 
taneously the complete value is found very readily. 

3. Similarly, for the descending scale of moduli the following method, 
first given by Gauss in 1818, may be used. 

Suppose we have to evaluate 

o o L\V a%)J J o V{a% ooeV+68 sin*?) K ' 

Place o x =l(a +b ); b 1 = \/(a Q b ); tan(f r -f ) = (&H-a)tany> , (15) 

e " «o °L\V all J J o V(«8 <*>s 2 f +ig sinV) 

2^ o i/(of cosV+6f sinV) 2a i ° L\V «?/ J ' 

Placing a 2 =J(a 1 +6 1 ); b 2 =- l /(a 1 b 1 ); tan(^ 2 — (p 1 ) = (b 1 -r-a 1 )\axi<p 1 (17) 
we have likewise 

^TVH)]=i^:;[#-t)]- <-> 

if a * ==6 - = ||i(°oJ 6 o)*| ( 18 > 

- ^[#-3)] =^>>= *-h»(*j»o*Iw 

TWo.e £<•[#-§)]=?. HI*("»>N J |- (2 °> 

This method of evaluating is especially convenient if tp is some multiple 
of \n, as two examples in the Analyst prove. 

I have prepared formulas by means of the same substitutions for evalua- 
ting the second and third species, which I may communicate at some future 
time. 



